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SPECIAL AND EXTREME TRIPLE SHOCK-WAVE CONFIGURATIONS

V. N. Uskov and M. V. Chernyshov UDC 533.6.011.72

Triple shock-wave configurations in steady supersonic flows of an inviscid perfect gas are considered.
Triple configurations with special intensities of shock waves and extreme ratios of various flow pa-
rameters behind these configurations are determined.
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1. Object of the Study. Formulation of the Problem. A triple configuration (TC) of shock waves
is the structure of gas-dynamic discontinuities in a supersonic flow, which consists of three shock waves (j;, where
i = 1,2,3) and a tangential discontinuity 7 possessing a common (triple) point 7' (Fig. 1). The initial-flow
streamline that arrives at the triple point divides the flow into two parts, one of them passing through a system
(sequence) of shock waves j; and j2, and the other passing only through one (basic or resultant) shock wave js.
The tangential discontinuity 7 separates flows moving along it behind the shock waves jo and js; therefore, this
tangential discontinuity is sometimes called the slip line.

The classification proposed by Landau [1] for discontinuities with respect to the point T allows us to consider
the shock wave j; to arrive at the triple point. The flow behind the shock wave j; is supersonic if there is the next
shock wave ja, which can either arrive at the point T' (Fig. 1a) or emanate from this point (Fig. 1c—e). In the case
of a subsonic flow behind the shock waves jo (Mach number My < 1) or js (Mg < 1), the directions of these shock
waves in the vicinity of the point 7" do not allow us to state whether they are the reason for TC formation or the
consequence of the latter.

TC calculation in a flow with a certain Mach number normally requires setting the parameters of the
incoming shock wave j; (e.g., the angle of its inclination to the free stream o7 or intensity Ji, which is the ratio of
static pressures ahead of the shock wave and behind it). TC formation is sometimes called the “branching” of the
incoming shock wave. The triple configuration is determined by the following conditions of dynamic compatibility at
the discontinuity: 1) equal static pressures (p2 = p3); 2) identical directions of flows separated by the discontinuity.

Thus, a continuous supersonic flow in the TC transforms to a discontinuous flow consisting of two flows
with different gas-dynamic parameters fo and f3 behind the TC, which are separated by a discontinuity. The
ratios Iy = fo/fs and the differences Af, = (fo — f3)/f (f stands for flow parameters ahead of the triple point)
characterize flow nonuniformity caused by different degrees of transformation of initial-flow parameters in a system
of two shock waves and in a single basic shock wave. If the TC is formed in a nonuniform initial flow or the
shock waves j; are curved, the conventional conditions on the discontinuity 7 are supplemented by differential
conditions [1]: 1) equal curvature of the streamlines adjacent to the discontinuity 7; 2) equal derivatives of static
pressure on the two sides of the discontinuity, which are taken along the discontinuity 7. In addition to the initial-
flow nonuniformity, the solution of the problem is affected by interrelated curvatures of shock waves in the vicinity
of the triple point.

Single shock waves and systems composed of such shock waves have special properties and can be optimal
in terms of various criteria [2-5]. These special features should be expected to be manifested in the nonuniform
flow behind the TC as well. This issue has not been considered in the literature, except for papers [6, 7], though
it is important for applied problems of transonic and supersonic aerodynamics and for the theory of supersonic jet
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Fig. 1. Types of triple shock-wave configurations: (a) triple configuration of the third type; (b) triple
configuration with the normal shock; (c) triple configuration of the second type; (d) steady Mach
configuration; (e) triple configuration of the first type.

flows used in various engineering objects and technologies. Nonuniformity of flows, including those behind the TC,
is often responsible for formation of separated and reverse flows, instabilities, self-induced oscillations, and strong
acoustic fields, in particular, self-oscillatory regimes of interaction of supersonic jets with obstacles [7] and the flow
around a blunted body with a spike [8]. Mixing of flows along the theoretical slip line (especially along the curved
slip line) can lead to formation of strong vortices and even a reverse flow behind the Mach disk of a supersonic jet
with the jet pressure ratio significantly different from unity.

The principle of motion reversibility allows us to use the theory of steady TCs in calculating similar structures
of traveling shock waves [9] whose analysis is important in unsteady gas dynamics and physics of explosion.

The list of problems associated with calculation and analysis of triple configurations, which is far from
being complete, shows that controlling the parameters of a nonuniform flow behind triple configurations is an
urgent problem. The solution of this problem implies selecting of a certain intensity of the incoming shock wave j;
(depending on the free-stream Mach number and on the ratio of specific heats ), which would provide nonuniformity
parameters Ir(M,~, J;) and Af-(M,~, J1) necessary for solving this applied problem. The present paper described
the analysis of special features and extreme values of parameters of flow nonuniformity behind the TC.

2. Governing Relations. The conditions of dynamic compatibility on the discontinuity 7 relate the
intensities J; of the shock waves j;, the flow Mach number ahead of the triple point, and the ratio of specific heats
[1, 6, 10]:

J1J2 = Jg; (21)

B1 + B2 = Bs. (2.2)



The intensity J; of each shock wave is related to the angle of its inclination o; (see Fig. 1a) as
Ji=(1+ E)Mz sin?o; — ¢,
where My, is the Mach number ahead of the shock wave j; and e = (y — 1)/(y+ 1).

The angles 3; of flow deflection on the corresponding shock waves are determined by the intensities of these
shock waves J; and by the flow Mach numbers ahead of these shock waves:

| — (1+e)Mj —e—J; (1—¢e)(J; — 1)
|ﬂz| = arctan (\/ Jiie i+ s)Mi ST 1))

The Mach number M; behind the shock wave j; is also determined by the Mach number ahead of this shock wave
and by the intensity of the latter:

M. — (Ji +e)M; — (1 —e)(J? = 1)
v Jl(1+6J1) '

With the use of the relation A; = In J;, we can write condition (2.1) in the form
A+ Ay = Ag, (2.3)

which admits mapping of the shock wave j; in the form of the vector (3;, A;) on the plane of shock-wave intensities
(Fig. 2). The solution of system (2.1), (2.3) is presented as the intersection of cordiform curves (e.g., as the point
ay of intersection of curves I and II).

The cordiform curves have certain points that correspond to special values of shock-wave intensities. The
following values of intensity are special:

— intensity of the normal shock wave

In(Mg) = (14 E)Mi — &

— intensity of the shock wave decelerating the flow to the critical velocity

Jo(Mg) = (M = 1)/24 1/ (MZ = 1)/2)2 + (M2 — 1) + 15

— intensity of the shock wave with the greatest angle of flow deflection, as compared with all shock waves
formed in the flow with a given Mach number

J(My) = (M; —2)/2 + \/((Mi —2)/2)24 (14 2¢)(MF — 1) + 2.
In analyzing the differential conditions of compatibility on shock waves [1], the intensities

3Jm — 2 — 3¢ + \/9J2, + 26(17 + 82)Jyy + 16 + 16 + 922

Tp (M) = 2(3+¢)
(constant-pressure point) and J.(My) (Crocco point) are identified. The latter intensity is determined by the
equation
3
> AT =0,
n=0
where

Az =(1+e)(1+3¢), As=4+Te+e*— (14 3¢)Jm,

Ap =1—3c— (34 3¢ +4eH) I, Ag = —2(1+¢edn).

For the intensity J; = J,(Mjy), the derivative 0lnp/ds (low nonisobaricity) behind the shock wave j; equals zero.
The intensity J; = J.(My) corresponds to the zero geometric curvature of the streamline behind the curved shock
in a uniform flow. The following inequality is valid for all My > 1:

1< J(Mg) < Je(My) < Ji(Mg) < Jp(Mg) < J (Mg).
For My, > /2, we can identify the special intensity
Jr=M; -1
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Fig. 2. Triple configurations of shock waves on the plane (3,A): (a) general case of the graphic
solution with indication of special points on the cordiform curves I and III; (b) formation of von
Neumann’s SMC; (c¢) two “alternative” solutions; (d) unique “alternative” solution.

corresponding to the envelope of the family of cordiform curves [10]. The angle of flow deflection on the shock wave
with the intensity Ji = Jr(My) has the maximum value, as compared with all shock waves of the same intensity
arising in the flow with different Mach numbers. The flow behind such a shock wave is supersonic [Jr (M) < J.(Mg)
and M; > 1].

Identical special values of intensity are reached on shock waves with the opposite directions of flow deflection.
The points T, %, ¢, I, p, and m in the cordiform curves I and III (Fig. 2a) indicate the special intensities of shock
waves with a negative (clockwise) direction of flow deflection (51 < 0 and (2 < 0). Depending on the direction
of flow deflection on the shock waves, TCs are classified into the third type [TC-3 (5182 > 0); Fig. 1a], second
type [TC-2 (6182 < 0 and 8183 > 0); Fig. 1c], and first type [TC-1 (8162 < 0 and 185 < 0); Fig. le]. The
triple configuration with the normal shock j2 (TCN) formed for 82 = 0 (Fig. 1b) and von Neumann’s steady Mach
configuration with the normal shock j3 (SMC) formed for 83 = 0 (Fig. 1d) are transitional structures between TC-3
and TC-2, TC-2 and TC-1, respectively.

TC-2 is normally formed in the case of irregular (Mach) reflection of the shock wave j;, whereas TC-1 and
TC-3 configurations are usually formed in particular cases of intersection of opposing and overtaking shock waves,
respectively. In the case of a subsonic flow behind the shock waves jo and js, the Mach reflection sometimes leads
to formation of configurations of the first or third type [11-13].
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Fig. 3. Special triple configurations of shock waves on the plane (M, 01); the zoom-in image of the
fragment bounded by the dashed lines in Fig. 3a is shown in Fig. 3b.

The graphic solutions corresponding to TCs of various types are plotted in Fig. 2a by points of intersection
of cordiform curves. The points a; (i = 1,2, 3) refer to configurations of the ith type, the point ass corresponds to
the transitional TCN, and the point m of intersection of curves I and III refers to the SMC.

The values of I; and Af, that characterize flow nonuniformity behind the TC are uniquely determined by
intensities of the shock waves j;, the free-stream Mach number, and the ratio of specific heats of the gas. Extreme
TCs corresponding to the maximum of nonuniformity parameters are found in the present work for each Mach
number of the gas flow.

3. Special Triple Configurations. Triple configurations with the above-noted values (Jp,, Ji, Ji, Jp,
Je, and Jr) of intensities of individual shock waves are further called the special configurations. The special cases
also include the limiting solutions of system (2.1), (2.2) with one of the shock waves degenerating into a weak
discontinuity (J; — 1 or Jo — 1). These solutions correspond to the intersection of a shock wave with a weak
discontinuity of the same or opposite direction without formation of another (outgoing) weak discontinuity.
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As the flow behind the shock wave j; is supersonic, the special TCs on the plane (M, o1) are sought between
curves 1 and 2 (Figs. 3 and 4). The former curve corresponds to the intensity J; = J.(M), and the latter curve refers
to degeneration of the shock wave j; into a weak discontinuity [J; — 1 and o1 — «(M), where (M) = arcsin (1/M) is
the Mach angle]. In addition, system (2.1), (2.2) has no solution in domain IV between curves 1 and fi [1], and no
steady TCs are formed. The absence of the solution is shown in Fig. 2a by the nonintersecting curves I and IV.
Reflection of shock waves corresponding to domain IV in Fig. 3 is analyzed with the use of a four-wave model [11,
15], which contains an additional expansion wave centered at the point 7', and also the model developed in [16]
with two tangential discontinuities emanating from this point.

The curves f; (i = 1,2) correspond to TC-3 configurations with the shock wave jo degenerating into a weak
discontinuity (J; — 1). These curves described by the formula [4]

M=[ABFC)—1+¢]/e.

Here

A=1+e)/[(1+¢e)(Ji(1—3e) — 4e?)],

B = Ji(1 -2 —e?) — 2% C=2e\/e(1+eJ))(J1 +¢),
begin at the points F; (Mp = 1.245 and Mp, = 2.540), where

M, = /201 £ VE)/(1 £ 2V5).

Domain IIT contains a unique solution of system (2.1), (2.2), which describes the TC-3. With distance
from the curve fi, the intensity of the shock wave j; in TC-3 configurations being formed rapidly increases and
consecutively exceeds the special values J.(M1), J.(M1), J;(M1), and J,(M;1) on curves 3a—6a (Fig. 3), respectively.
The intensity Js of the basic shock wave also increases and takes the values J,(M), J.(M), J;(M), and J,(M) on
curves 3b—6b. The intensities of the shock waves jo and js in the TC-3 exceed the special value Jr: Jo > Jr(M;y)
for M; > /2 and J3 > Jr(M) for M > /2.

TC-3 configurations arising in the case of degeneration of the shock wave j; into a weak discontinuity
(J1 — 1) correspond to the segment FyT of curve 2 in Fig. 3. The intensities Jo = J3 = J of other shock waves in
these TCs satisfy the equation

3
> B.MP =0, (3.1)
n=0

where

Bz = (14 ¢)%J% —4e(J + €)%,
By =4e(1 —&)(J? — 1) = 2(1 — %) J*(J — 1) — 4(1 — 2¢)(J +¢)?,
By =(1—-¢)[4(1 —2e)(J* = 1)(J + &) +4(J +e)* + (1 —e)J*(J — 1),

By = —4(1 —&)*(J +&)(J* = 1),

which also describes the sequences of shock waves and Prandtl-Mayer waves with extreme values of static pressure
behind these shock waves [5].

When the shock wave j; degenerates into a weak discontinuity, the intensities of the remaining shock waves
are identical (J; = J3) and reach special values simultaneously. Therefore, curves 3a—6a and 3b-6b emanate from
the points S, C, L, and P common for the corresponding pairs of curves. The Mach number Mg = 1.305 is
determined by the relation

4eMS + (3 4 26 — 9e?)M§ + 4(1 — 8 + 6e*)M% — 16(1 — £)? = 0,
the value My, = 1.320 is one of the roots of the equation
(14 4)M$ — (1 — 22)(1 — 10e)M} + 8(1 — &)(1 — 4e)M? — 16(1 — ¢)* = 0,
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and the values M = 1.313 and Mp = 1.345 are the roots of similar algebraic equations of the seventh and fifth
power, respectively.

At the point T My = /(2 —¢)/(1 —¢) = 1.483], the shock waves j, and j3 become normal [Jo = J3
= Jn(M)], which corresponds to the transition to the TC-2 or TC-1. Curves 7 and 8 (see Figs. 3 and 4) emanating
from the point T correspond to the transitional TCN [Jo = J,,,(M;)] and SMC [J3 = J,,(M)]. The transitional
TCN is described by the relation (see [1])

M* — M2+ (J; —1)(J1+2—¢)/(1 —¢) =0,
where
r= =11 +2—¢)/(Ji+e)+(Ji+e)/(1+¢e)+ (1 +e)?/[(1—e)(J1 +¢)?.

The intensity Js of the strong [J3 > J;(M)] shock wave js in the TCN acquires a special value [J3 = J,(M)] at
M = M, = 1.887. The branching shock wave j; has the intensity J; = Jp(M) at M = (1 —¢)/2/(1 — 3¢) = 1.667
[point of intersection of curves 7 and 9 with J; = Jp(M) on the latter]. The shock wave jo in the TCN is normal,
but the intensity of the shock wave j; exceeds Jo at M > 1.645. Moreover, in the limit (M — o0), the intensity of
the normal shock j, decreases and tends to unity. The intensity J; of the branching shock wave is described by the
following dependence with accuracy to infinitesimal quantities of order 1/M?:

Ji=M?—1+e%-22/(1—¢).
The same (with respect to M?) order of special intensities
JM) =M —1+4+¢e,  Jy(M)—>M>—1+¢

shows that domains IIT and IV for high Mach numbers become infinitely thin on the plane (M,s71). The Mach
numbers M; behind all shock waves of this asymptotic TCN tend to unity with accuracy to quantities of a higher
order of smallness:

M; — 1+¢/[(1—e)M?], My — 1+¢e(1 —2¢)/[(1 —e)M?],

Mz — 1+ (1 —2¢)/[(1 —e)M?].
The following relation is valid in the asymptotic TCN:
Js = Ji=JiJ2 = J1 = (p2 — p1)/p — 2¢;

it shows that the normal shock j, with 7 = 1.4 (see Fig. 1b) increases the static pressure only by 1/3 of the
free-stream pressure.

In TC-2 configurations (domain IT in Fig. 3a), the intensity of the shock wave jo becomes lower than the
special values Jp,(My), J;(My), Jo.(My), J.(M1), and Jr(M;) on curves 10-14, respectively. The intensity of the
shock wave js does not decrease, but the Mach number M; in the flow upstream of this shock wave increases. The
intensity of the shock wave js also increases and reaches the value J,,(M) on curve 8 (Fig. 3) corresponding to the
SMC.

Steady Mach configurations are described by the relation

M? = (a1 + y/a? — 4agaz )/(2a2),

as = (1 —&?)(1+eJy),

where

ar=(1+e—e?+&*)JF +e(1+3e—2%)J; + (1 —e)(1 + 2¢),

ap=(1—¢e)(J1 —1)(J} +e(l —e)Jy —¢).

SMC formation corresponds to the von Neumann criterion of the change in the type of reflection of the shock wave j;
from the surface. For the smallest value of the Mach number ahead of the SMC (M = My), the intensities of the
reflected and basic shock waves are identical [Jo = J3 = 2/(1 — €) = 2.4], as well as the values of the Mach numbers
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behind these shock waves: My = M3 = 1/v/2. As the Mach number ahead of the SMC increases, the intensities J;
and Js = J,,, (M) increase monotonically, and the value of Jo reaches a minimum (J; = 2.278) at M = 1.788.

The reflected shock wave jo in the SMC is special at M = M,,, = 1.908 [J2 = J,(M;) = 2.289], M = M,
=2.202 [J, = J;(M;) = 2.378], M = M,, = 2.287 [Jo = Jo(M;) = 2.415], M = M,, = 2.404 [Jo = J,(M;) = 2.470],
and M = Mr, = 2.822 [J2 = Jp(M;) = 2.692]. For the Mach number M = M,, determined by the equation

4
> M =0
n=0

with the coefficients Cy = (1 —¢)(2 —4e+2e%—¢*), O3 = —10+20e — 102 — 10e® + 126* — 4¢5, Oy = 12 — 24+ 102
+16e3 — 181 +6e, C1 = —2(1+¢)(3—4e+2e?)(1—¢)?, and Cp = (1 +¢)(1 —¢)%, the SMC simultaneously satisfies
another famous criterion of the change in the type of reflection [14] (detachment criterion), which corresponds to
the point of tangency of the cordiform curve II of the emanating shock wave and the ordinate axis in Fig. 2b. The
Mach number M = Mg, corresponds to the critical velocity of the flow behind the reflected shock wave in the SMC
and is the root of the equation

3
> DM =0.
n=0

Here D3 = (1 —¢e)(1 —e — 262 + &%), Dy = —4 + 6e2 — 23 — 5t + 3¢5, Dy = (4 — 4e — 3e% + 73 — 3¢%), and

Dy = —€2(1 —¢)3. At M = M,, the intensities of the incident and reflected shock waves are identical. The point e
is determined by the relations
M, = V4 —3e+¢2/(1 —¢) =2.254, Ji=Jy=2/(1-¢). (3.2)

At M > M., the incident shock wave is stronger than the reflected wave. In the limit (M — o00), it is only the
reflected shock wave that has a finite intensity

Jo=F)=(1+e—e*+e+VD)/[2¢(1 — )] = 7.271,

2 3 (33)
D=(1+¢)-e(l—-¢)2(1+¢)(2—¢)—e’(1—¢)],

whereas the intensities J; and Js of other shock waves tend to infinitely high values. The Mach numbers behind

the shock waves composing the SMC have finite limits as M — oo:

| —e+4e2433 24 4D
My — - CFE T2 FVED 5601, My =3.506, Ms=,/—— —0.378.
2e(1 —£2) 1+e¢

The Mach number M5 increases and tends to the above-indicated value, M3 decreases, and M; takes the minimum
value (M; = 1.484) at M = 1.626.

In TC-1 configurations (domain I in Fig. 3), the shock wave jo has a special intensity [J,(M1), J;(M1),
Je(M1), J.(My), and Jp(M;)] on the lower branches of curves 10-14. The intensity of the strong [J3 > J;(M)] basic
shock wave takes the value J3 = J,(M) on curve 15.

Degenerate TC-1 configurations (J; — 1) correspond to the segment of curve 1 to the right of the point T
(see Fig. 3). Despite the different directions of flow deflection, the intensities Jo = J3 = J of the shock waves js
and j3 in these configurations are determined from the same Eq. (3.1) as those in degenerate TC-3 configurations. At
M = M,,, = 2.190 (point ps in Fig. 3), these intensities correspond to the constant-pressure point: Jo = J3 = Jp(M).

In addition to the “basic” solution in the domain between the curve vw and fs (see Figs. 3 and 4), which
is continuous in domains I-III, there are “alternative” solutions of system (2.1), (2.2) for the same values of M
and J;. These solutions describe TC-3 configurations with a supersonic flow behind all shock waves. As the reason
for formation of these configurations (interaction of overtaking shock waves) differs from that of formation of the
“basic” triple configurations existing at the same values of M and Jp, there are no difficulties in choosing the
solution.

“Alternative” solutions arise on the curve vw (M, = 2.089, M,, = 3.117, and Jy1,, = 5.611) owing to
decomposition of the point of tangency of the cordiform curves on the plane of shock-wave intensities. The curvilinear
triangle vFow contains two solutions of this kind with a non-degenerate (Jo > 1) shock wave js indicated by the
points A; and Az in Fig. 2¢. The shock wave ja corresponding to one of these solutions (point As) degenerates into
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a weak discontinuity on the segment Fhrw of the curve fo. As a result, the domain behind the curve fo contains the
only “alternative” TC-3 (see Fig. 1d) with the shock wave jo degenerating on the segment of this curve to the right
of the point w. The intensity Js of the basic shock wave js in this configuration acquires the special values Jp(M),
J.(M), J.(M), Ji(M), and J,(M) on curves 16-20 (see Fig. 3a), which have horizontal asymptotes.

The coordinates Ma = 2.462 and Jia = 1.515 of the extreme left point A on the curve fo are determined
by the equations

(1 —3e)JPA +e(1 —11e)Jiy — (4 + e+ 92%)J1a — (1 + 5¢) = 0,
(1 —3e)°MY — (3 — 7e)(1 — 2e + 5e2)MA

oo+ (1 —e)(3 =23 + 252 +27e3)MA — (1 — 10e — 27e%)(1 —€)? = 0.

4. Extreme Ratios of Flow Parameters behind the Triple Configurations. The stagnation pressure
coefficient I; (ratio of stagnation pressures behind and ahead of the shock wave j;) is determined by the intensity J;
as

I = (JiE;Y)—(l—E)/(QE)’
where E; = (1 +¢J;)/(J; + €) is the ratio of gas densities ahead of the shock wave and behind it in accordance with

the Rankine-Hugoniot adiabat. With allowance for the compatibility condition (2.1), the ratio Ip, of stagnation
pressures on the sides of the discontinuity 7 is

, _pe_ Ll ( B )<1+a>/<2e>
P pes Is \EiE '
The ratios Iy of some other flow parameters f behind the triple configuration have a power dependence on I,:
Iy =15, (4.1)
In particular, ¢ = 2x [x = ¢/(1 +¢)] for f = p (ratio of gas densities), ( = —2x for f = T (ratio of temperatures),
¢ = —x for f = a (ratio of velocities of sound), and { = x for f = 2z = pa (ratio of acoustic impedances at the

tangential discontinuity).
The ratios of parameters that explicitly depend on the flow velocity are also determined by the Mach numbers
behind the shock waves:

2
I’U _ 2 _ % I};}E/(l{»&)’ Id _ p2’U§ o M2

=5 = i
vz Ms p3vy M3

_ pav2 M, e/(1+e) _ p2+ szg o 1+ ’yMS
Iq_—__jpo ’ Ly, = 2 P
p3vz Mz p3 4+ p3vs 1+ yM;j
Here g = pv is the mass flow rate of the gas through a unit surface area, d = pv?/2 is the dynamic pressure, and
w=p-+ pv2 is the flow momentum.

At the upper boundary (curve f; in Fig. 4; Jo — 1) and the lower boundary (curve 2; J; — 1) of domain
of existence of the “basic” solution (domain I-III), all the functions considered tend to unity. For each fixed Mach
number M > Mp,, each of the functions I, I,,, I, 14, and I, has a unique intensity .J; of the branching shock
wave, which determines the maximum of each function. The parameters of such extreme configurations are shown
by curves 9-13 in Fig. 4a and b. It is obvious from Eq. (4.1) that extreme configurations in terms of I, also have
the maximum ratios of densities and acoustic impedances and the minimum ratios of temperatures and velocities
of sound.

For Mach numbers close to Mp,, extreme configurations are TC-3 configurations. As the Mach number
increases, TC-2 configurations becomes extreme. The points Gp,, G., Gy, G4, and G, in Fig. 4b correspond
to extreme transitional TCNs. Transitional TCNs are extreme configurations in terms of different ratios of flow
parameters behind these configurations at M = 1.567 (I, = 1.085), M = 1.569 (I4 = 1.201), M = 1.571 (I, = 1.107),
M = 1.584 (I, = 1.090), and M = 1.596 (I, = 1.076). The intensities J1¢ of branching shock waves in extreme
TC-2 and TC-3 configurations in terms of different ratios Iy satisfy the inequality

le < Jld < qu < le < leg. (42)
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Fig. 4. Extreme triple shock-wave configurations on the plane (M, o1): figures (b) and (c) are the zoom-in
images of the fragments indicated by the dashed lines in Fig. 4a).

The point e determined by Eq. (3.2) is common for curves 9-13 in Fig. 4a and b and corresponds to the
SMC, which is simultaneously extreme in terms of all ratios Iy considered. The extreme SMC satisfies both the
condition of the maximum stagnation pressure behind a sequence of two shock waves {j1,j2} with a fixed product
of intensities (J; = Ja [2, 3]) and the condition of its minimum behind a single shock wave js [J3 = Jp,(M)]. The
functions Iy in the extreme SMC take the following values: I, = 1.649, I, = 1.833, I = 3.024, I, = 1.587, and
I,, = 1.448. For M > M., the extreme triple configurations belong to the first type, and the positions of curves
9-13 follow the inequality

leo < Jiw < qu < Jig < J1p-

Figure 5 shows the ratios of flow parameters behind the extreme and transitional configurations [the scales
of the ratio of velocities (curves 2a, 2b, and 2d) are multiplied by 100; the scales of flow-rate functions (curves 3a,
3b, and 3d) and momentum (curves 5a, 5b, and 5d) are multiplied by 10]. In the limit M — oo, the ratios Iy of
flow parameters behind extreme triple configurations sometimes approach the final values rather slowly (see curves
la—ba in Fig. 5a):

I, = 49/ — 5291 I,=5261, I,=3041, I;=1558, I, =3022. (4.3)
In extreme configurations in terms of the ratio of stagnation pressures, the shock-wave intensities are describes by
the limits

J1 Jo J3 _ 14+¢e— (1—&)2+4<€3
M—>\/E, M—>\/E, o H= 215 .

In other extreme configurations, the intensities J; and J3 have the order M2, and the values of J5 tend to higher but
finite limits. Thus, extreme configurations in terms of the ratios of different parameters are different. The values
of Iy behind extreme configurations in terms of I, only, however, are close to optimal ones (4.3):
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Fig. 5. Ratios of flow parameters behind the extreme and transitional configurations: (a) extreme
“basic” and “alternative” configurations (SMC); (b) TCN configurations; (c) “alternative” config-
urations existing only in the curvilinear triangle vF>w (see Fig. 4).

K+ N K+ N
I =\ =55 =5033, I, =/ = = 3020,
4.4)
12 K+ N (
I; = - =152.0, I, = + = 30.20.
€ Vo 2e4

Here K = (1 —¢)? +2¢3 and N = (1 —e)/(1 +¢)(1 — 3¢ + 4e2).

The ratios of flow parameters behind transitional triple configurations are significantly different from those
behind extreme configurations. For instance, they tend to the following values behind the SMC (see curves 1b-5b
in Fig. 5a) as M — oo:

1426 —2e3+ et + (1 —¢e)D\ (1+e)/(20)
Iy = ( =) ) — 69.72,

— 2 3_ 4 _9:5 1 6 _ _ 2
Iv:\/(l )2 +4ed —et—25 46+ (1—e)(1—¢ )D:5.059,
22
1—2e+32+e3(1—¢e)2+(1—¢)(1+¢e2)D
I, = =17.01
‘ \/ 2:1(2 —¢)? 701,

1-2+22+2% -+ (1—-¢€)D
N 2(2 —¢g)e?

[the coefficient D was determined by Eq. (3.3)].
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In transitional TCNs, the ratios of parameters reach their maximum values (I, = 1.138 at M = 1.892,
I, =1.178 at M = 1.927, I; = 1.341 at M = 1.911, I, = 1.153 at M = 2.005, and I,, = 1.132 at M = 2.083), after
which they asymptotically approach unity (curves 1c—5c¢ in Fig. 5b) as a result of degeneration of the shock wave jo
into a weak discontinuity at high Mach numbers.

TC-3 configurations corresponding to the solution of system (2.1), (2.2), which exists only in the domain
to the right of the curves vw and fy (see Fig. 4), can also be extreme. The greatest ratios of flow parameters
Ip,, Iy, Iy, 14, and I, behind these “alternative” TC-3 configurations are reached on curves 14-18 (see Fig. 4),
respectively. The positions of these curves in the plane (M, o1) satisfy inequality (4.2). The shock-wave intensities
in extreme “alternative” TC-3 configurations at high Mach numbers tend to infinite values (J; and J tend to values
of the order of M, and Js tends to values of the order of Mz). The angles 3; of flow deflection in all these TC-3
configurations correspond to the following limits: 8; — 0, |82 — 19.78°, and |f5] — 19.78°. The extreme ratio of
stagnation pressures (curve 1d in Fig. 5a) tends to the same value

I, = e~ (1+9)/(28) — 509 1, (4.5)

as that in the “basic” triple configurations. The maximum ratios of other flow parameters are plotted by curves
2d-5d in Fig. 5a. As M — oo, the limits of these ratios coincide with limits (4.4), which are slightly lower than
similar values (4.3) for extreme “basic” triple configurations.

Another “alternative” solution of system (2.1), (2.2), which exists only in the curvilinear triangle vFaw (see
Fig. 4), corresponds to TC-3 configurations, which can also be extreme. The maximums of the functions If(J;)
are reached at the upper boundary of the domain of existence of this solution (curve vw). The curves g;A and
gif2 (i = 1-5) in Fig. 4c, which almost merge, characterize the internal local minimums and maximums of the
functions I,,, I4, I, 14, and I, respectively. Local extreme points arise as a result of decay of inflection points
of the functions Iy at My, = 2.453 (function Ip,), My, = 2.455 (function I,), and approximately identical values
Mg, —M, ~ 2.454 (functions I,, I4, and I,,). The differences in flow parameters behind the above-described TC-3
configurations at the points of the local maximums are very small (see curves le-5e in Fig. 5¢). For M < My, all
functions I¢(J;) increase monotonically from unity at the lower boundary to a certain value at the upper boundary
(curve vw) of the curvilinear triangle considered.

The ratios Iy = fa/ f3 of parameters of a nonuniform flow behind the triple configuration do not always give
a complete idea of the flow properties. For instance, despite high values of the ratios I, = po2/pos (4.5) reached at
high Mach numbers, both values pp2 and pps in these cases are very low as compared to the free-stream stagnation
pressure, because the coefficients of stagnation pressure on all shock waves j; tend to zero.

The TC analysis is supplemented by the study of the differences Af, = (f2 — f3)/f in flow parameters at
the tangential discontinuity 7. Further we consider the functions Apg, = (po2 — po3)/po and AT, = (Ty — T3)/T;
the first of them is the difference in stagnation pressures of two flows and can be used to analyze the emergence of
self-oscillatory regimes in jet—obstacle interaction; the second one characterizes the dynamic temperature acting on
the mixing layer corresponding to the discontinuity 7.

The functions Apy, = I1Iz — I3 = I3(I,, — 1) and AT, = 0102 — O3 = O3(I7 — 1) are equal to zero at the
upper boundary (curve f; in Fig. 4) and at the lower boundary (curve 2) of the domain of existence of the “basic”
solution. Here ©; = E;J; is the ratio of gas temperatures on the sides of the shock wave j;.

For each Mach number M > Mp,, the domain of existence of the “basic” solution has a unique extreme TC
with the maximum differences in stagnation pressure and temperature on the tangential discontinuity behind this
configuration. Curves 19 and 20 in Fig. 4a and b show the configurations with the maximum values of Apgy, and
|AT,|. The intensity .J; of the branching shock wave in extreme configurations in terms of Apy, can be greater
(for M < M) or smaller (for M > M,) than that in extreme configurations in terms of the ratios Iy of various
parameters f at the discontinuity 7. The transition of extreme TCs of the third type to the second type occurs at
M = 1.601, 01 = 48.742° and M = 1.594, o1 = 48.492° for stagnation pressures and temperatures, respectively; the
transition from the second to the first type occurs at the point e (see Fig. 4b) corresponding to an extreme SMC in
terms of all ratios and differences in flow parameters considered.

The value of Apy, in extreme TCs increases from zero at M = Mp, to App, = 0.423 at M = 3.516 and then
decreases again, tending to zero as M — oo by virtue of high losses of stagnation pressure in shock waves. The
extreme difference in temperature AT, is negative. It decreases monotonically and unlimitedly as M — oc.
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“Alternative” TC-3 configurations with extreme differences of stagnation pressures and temperatures at the
tangential discontinuity are shown by curves 21 and 22 in Fig. 4a and c. The value of Apg, in these configurations
increases from zero at M = M, to Apy, = 0.423 at M = 3.787 and then decreases again, tending asymptotically
to zero. Beginning from M = 3.661, the extreme values of Apgy, in “alternative” TCs are higher than those in the
“basic” ones. The temperature difference AT, is negative and decreases monotonically and unlimitedly but not as
fast as in the “basic” triple configurations.

The second “alternative” solution existing only in the curvilinear triangle vFyw is characterized by insignif-
icant (less than 10™* to 1075) dimensionless differences in stagnation pressure and temperature of the flow on the
sides of the discontinuity 7.

Conclusions. The parameters of a nonuniform flow behind triple configurations of shock waves in a super-
sonic flow with known gas-dynamic variables are determined (possibly, nonuniquely) only by the intensity J; of the
shock wave incoming into the triple point. At certain values of the Mach number of the initial flow and intensity Ji,
the parameters of flows separated by the slip line (tangential discontinuity) acquire special (e.g., critical) values, and
the ratios of some of them have extreme points. Analytical expressions for the special intensities of these incoming
shock waves can be used for optimal gas-dynamic design of various engineering objects (supersonic inlets, devices
for jet technologies, and rocket launching systems). The optimal design can be aimed at creating or eliminating
special and extreme triple configurations and associated self-oscillatory and separated flow regimes.

This work was supported by the Russian Foundation for Basic Research (Grant No. 04-01-00713).
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